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LIMITING BEHAVIOR OF LOCAL CALABI-YAU METRICS
ILIA ZHARKOV
Abstract. We use a generalization of the Gibbons-Hawking ansatz to study the be-
havior of certain non-compact Calabi-Yau manifolds in the large complex structure
limit. This analysis provides an intermediate step toward proving the metric collapse
conjecture for toric hypersurfaces and complete intersections.
1. Introduction
Since the Strominger-Yau-Zaslow conjecture [SYZ96] was made there has been a con-
siderable interest in geometry of Ka¨hler Ricci-flat half-dimensional torus fibrations. For
a nonsingular fibration the metrics which are flat along the fibers were used by Hitchin
[Hit97] in relation with mirror symmetry and SYZ conjecture. This, so called, semi-flat
case was further studied in [LYZ01] and [Leu00]. The Ricci-flatness condition becomes
equivalent to the real Monge-Ampe`re equation on the base. The mirror symmetry is
then provided by the Legendre transform.
This simple case has inspired another, more recent, conjecture of Gross and Wilson
[GW00] and Kontsevich and Soibelman [KS01] about existence of an integral Ka¨hler
affine structure on the limiting space of the metric collapse. But in order to understand
this conjecture for general compact Calabi-Yau manifolds (not just tori) one needs a
local description of the metric behavior near the singular fibers.
The first example of such a metric was constructed by Ooguri and Vafa [OV96] in
two dimensions via periodic Gibbons-Hawking ansatz and was used later by Gross and
Wilson [GW00] to justify the collapsing of K3 to S2 with explicit metric (singular at
24 points). The limiting metric on the S2 was, in fact, written down long before the
SYZ story by Greene et al. [GSVY90]. In higher dimensions Pedersen and Poon [PP91]
derived the (non-linear) differential equations for the GH ansatz but the solutions they
found were not periodic in the remaining number of torus variables, and hence cannot
apply to our case of interest. An attempt to apply the generalization of Gibbons-Hawking
in the periodic situation in dimension 3 was made by Matessi [Mat01], though no explicit
solutions were found.
In this paper we do not try to solve Gibbons-Hawking differential equation. Rather
the goal is to set up the geometric framework for investigation of limiting behavior of
such metrics as the size of tori goes to zero. Unfortunately, the key exponential decay
lemma is left unproven. A substantial amount of hard analysis of non-linear elliptic PDE
with singularities is required for the proof, and we plan to do it elsewhere.
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The conjectural description of the limiting metric space is in agreement with the
metric collapse picture of [KS01] and [GW00]. But we suggest a more explicit condition
for asymptotics at the singular locus. The coordinates of the Gibbons-Hawking ansatz
are related to the affine ones via the partial Legendre transform introduced in the last
section of the paper.
Notations. We use the usual convention to sum over repeated indices. Also we deal with
orbifolds on the same footing as with regular complex manifolds. That is, when we say
a form or a map is holomorphic, it is meant in this orbifold sense.
Acknowledgments. I am very grateful to M. Gross for explaining to me the right nor-
malization of the holomorphic volume form and several other key issues. I have also
considerably benefited from conversations with R. Bryant, C. Haase, M. Kontsevich, D.
Morrison, M. Stern and S.-T. Yau. I am indebted as well to the referee for a whole
series of important comments and corrections to the original text. Finally, I would like
to thank IHES for its hospitality and financial support during the summers of 2001 and
2002 where a significant part of the work has been done.
2. Ricci-flat metrics
2.1. Generalized Gibbons-Hawking ansatz. Suppose T n, a n-dimensional (real)
torus, acts freely on an N -(complex) dimensional Ka¨hler manifold M by Hamiltonian
holomorphic isometries. Then M can be considered as a principal T n-bundle over a
real manifold of dimension 2N − n. The generalized Gibbons-Hawking ansatz expresses
the Ka¨hler and Ricci-flat conditions as differential equations in the n moment map
coordinates and N − n holomorphic coordinates on the Ka¨hler quotient.
Let t denote the Lie algebra of the torus Lie group T n, and let tZ be the natural
integral lattice in t. We will fix a basis in tZ. This defines affine coordinates ui on the
dual space t∗ ∼= Rn. Let Y be either CN−n or (C∗)N−n ∼= RN−n × (S1)N−n, with the
affine complex coordinates ηp = xp+ iyp, where yp are the phase coordinates on the torus
(S1)N−n in the latter case.
Consider a principal T n-bundle π : M → B◦ over an open set B◦ in t∗ × Y , with
coordinates (ui, ηp, η¯q). Denote by [ν] its integral Chern class as an element inH
2(B◦, tZ).
Theorem 2.1 (cf. [PP91]). Let V ij, respectively W pq, be real symmetric, respectively
hermitian, positive definite matrices of smooth functions on B◦, locally given by some
potential function Φ:
(1) V ij =
∂2Φ
∂ui∂uj
, W pq = −4 ∂
2Φ
∂ηp∂η¯q
, 1 ≤ i, j ≤ n n+ 1 ≤ p, q ≤ N.
Then the following t-valued 2-form is closed:
(2) Fj =
√−1
(
1
2
∂W pq
∂uj
dηp ∧ dη¯q + ∂V
ij
∂ηp
dui ∧ dηp − ∂V
ij
∂η¯q
dui ∧ dη¯q
)
.
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Suppose, in addition, that det V ij = detW pq and (F1, . . . , Fn) is in the cohomology class
2π[ν]. Then there exist a connection on the bundle M → B◦ with associated 1-forms Ai
and the curvature (F1, . . . , Fn) such that M is a Ka¨hler manifold with Ricci-flat metric
given by
(3) h = (V −1)ijdzi ⊗ dz¯j +W pqdηp ⊗ dη¯q,
where dzj = V
ijdui +
√−1 · Aj and dηp form a basis of holomorphic 1-forms. The
holomorphic N-form and the Ka¨hler form:
(4) Ω = ∧kj=1dzj
∧
∧lp=1dηp, ω = duj ∧ Aj +
√−1
2
·W pqdηp ∧ dη¯q
are compatible in the sense that Ω ∧ Ω¯ = const · ωN .
Proof. First we note that the local potential description of V and W by (1) insures that
(5) dFj =
√−1
2
· d
(
∂W pq
∂uj
)
∧ dηp ∧ dη¯q
+
√−1 · d
(
∂V ij
∂ηp
)
∧ dui ∧ dηp −
√−1 · d
(
∂V ij
∂η¯q
)
∧ dui ∧ dη¯q
=
√−1
2
(
∂2W pq
∂ui∂uj
+ 4
∂2V ij
∂ηp∂η¯q
)
dui ∧ dηp ∧ dη¯q = 0.
Moreover, if θj denote the coordinates on the torus fiber such that ∂/∂θj are the Hamil-
tonian vector fields, then the connection 1-forms can be written up to exact forms on
B◦ in terms of the local potential Φ:
(6) Aj = dθj +
√−1
(
∂2Φ
∂uj∂ηp
dηp − ∂
2Φ
∂uj∂η¯q
dη¯q
)
.
And one can see explicitly that Fj = dAj .
The integrability of the complex structure follows from the fact that the differential
ideal generated by (1, 0)-forms is closed:
(7) d(dzj) = dV
ij ∧ dui +
√−1 · dAj
= −∂V
ij
∂uk
dui ∧ duk − ∂V
ij
∂ηp
dui ∧ dηp − ∂V
ij
∂η¯q
dui ∧ dη¯q
−
(
1
2
∂W pq
∂uj
dηp ∧ dη¯q + ∂V
ij
∂ηp
dui ∧ dηp − ∂V
ij
∂η¯q
dui ∧ dη¯q
)
=
(
1
2
∂W pq
∂uj
dη¯q − 2∂V
ij
∂ηp
dui
)
∧ dηp,
where we have only used ∂V
ij
∂uk
= ∂V
kj
∂ui
.
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It is equally easy to verify the Ka¨hler condition:
(8) dω = −duj ∧ dAj +
√−1
2
· dW pq ∧ dηp ∧ dη¯q
= −√−1
(
1
2
∂W pq
∂uj
duj ∧ dηp ∧ dη¯q
)
+
√−1
2
∂W pq
∂uj
duj ∧ dηp ∧ dη¯q = 0.
Finally, the Ricci-flatness is manifest since det(h) = det V −1·detW = 1 in the complex
coordinates dzj , dηp. 
We are interested in applying the Gibbons-Hawking ansatz to description of the met-
rics on the toric Calabi-Yau hypersurfaces. Given a torus fibration of such hypersurface
near the large complex structure point one may approximate the true Calabi-Yau metric
by non-compact solutions of GH equations over different regions of the base. Away from
the discriminant locus a semi-flat metric gives a good approximation. We try to argue
that as the tori shrink to zero size the metric behavior near singular fibers can also be
approximated by certain y-periodic solutions of GH ansatz. This local description is the
main subject of the paper.
2.2. Example: toric orbifold. This is an important toy example which provides the
local description of Gibbons-Hawking solutions for more interesting cases. Here for the
standard toric orbifold metric one can actually write down an explicit solution to the
Gibbons-Hawking equations.
First we set up the notations. Let N ∼= Zn+1 be an integral lattice in a real vector
space NR = N ⊗ R. Denote by N∗ ⊂ N∗R the dual lattice in the dual space.
Let τ be an n-simplex with vertices (w0, w1, . . . , wn) in the lattice N ∼= Zn+1, whose
affine distance from the origin is 1. That is, there is a vector ρ in the dual lattice N∗
such that 〈wi, ρ〉 = 1, all i = 0, . . . , n. Denote by T ⊂ NR the cone over τ and by
T ∨ ⊂ N∗
R
the dual cone.
Let XT := Spec[zm : m ∈ T ∨ ∩ N∗] be the associated affine toric variety (cf., e.g.
[Ful93]). If Z〈w0, . . . , wn〉 denotes the (finite index) sublattice in N generated by wi and
G is the quotient group N/Z〈w0, . . . , wn〉, then XT is isomorphic to the orbifold Ck+1/G.
The real torus NR/N acts on XT . But we will be interested rather in the action of
its subtorus T n := (Nρ)R/Nρ, where Nρ := {v ∈ N : 〈v, ρ〉 = 0}. The n-dimensional
subspace (Nρ)R ⊂ NR can be naturally identified with the Lie algebra t of T n. The dual
quotient space N∗
R
/ρ is identified with t∗.
Let Qτi ⊂ N∗R/ρ denote the open normal cones to the vertices wi of τ . Define a
polyhedral complex Π(τ) in N∗
R
/ρ to be the union of walls separating the Qτi ’s:
Π(τ) :=
⋃
i 6=j
wallij,
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with the orientation of each wall determined by the ordering of {i, j}. Another way to
look at Π(τ) is as being the image of the (n − 1)-dimensional strata in T ∨ under the
quotient map N∗
R
→ N∗
R
/ρ.
The vector ρ lies in the interior of T ∨, hence η = zρ : XT → C defines a regular
function, which vanishes at the divisor in XT corresponding to the boundary of T ∨.
Together with the moment map µ : XT → t∗ this gives the torus fibration
(µ, η) : XT → N∗R/ρ× C,
whose restriction to B◦ := N∗
R
/ρ×C \Π(τ)×{0} is a principal T n-bundle π : M → B◦.
To describe the topology of this bundle note that the homology group H2(B
◦,Z) ∼= Zn
is generated by the 2-spheres αij around every wallij oriented to match the orientation of
wallij. Looking at the relations among the generating cycles αij (abusing the notation) it
is convenient to identify H2(B
◦,Z) with Λτ , the (finite index) sublattice of Nρ generated
by the elements wi−wj for all pairs of i, j. On the other hand, the Chern classes of the
restrictions of the T n-bundle M to the spheres αij are given by wi − wj ∈ t. Then the
Chern class [ν] of the total bundle M :
[ν] ∈ H2(B◦,Z)⊗Nρ ∼= Hom(Λτ , Nρ)
is the element given by the natural inclusion ι : Λτ →֒ Nρ.
The final piece of notation before we describe the standard orbifold metric on XT is
the (finite index) sublattice N ′ ⊂ N generated by wi’s. Let (N ′)∗ ⊃ N∗ be its dual
lattice. Let m0, . . . , mn be the minimal vectors in (N
′)∗ along the rays of T ∨.
In polar coordinates the standard orbifold metric on the algebraic torus (C∗)n+1 ⊂ XT
will be
h =
n∑
i=0
(d|zmi |+√−1|zmi |〈mi, dθ〉)⊗ (d|zmi | −
√−1|zmi |〈mi, dθ〉).
The functions zmi are defined only on the |G|-fold covering space of XT , but |z|mi are
well defined on XT itself. So are the differential forms 〈mi, dθ〉.
To write this metric in the Gibbons-Hawking ansatz we choose a basis {ei} of Nρ = tZ.
Evaluating the moment map on the basis vectors defines the coordinates ui = µ(ei) on
N∗
R
/ρ = t∗, thus giving an identification N∗
R
/ρ with Rn. The metric on each phase torus
T|z| := {z : |z|mi = const} ∼= NR/N is constant, and, hence, it is given by a quadratic
form Q|z| on NR. Let (V −1)ij be the matrix of restriction of Q|z| to (Nρ)R in the basis
{ei}. Then the functions V ij and W := det V ij give a solution to the GH equations.
Note that the top degree holomorphic form Ωτ coincide with the push forward under
the projection Cn+1 → Cn+1/G of the standard volume form on Cn+1.
As an illustration free of orbifold complications let us write the ansatz for the standard
Euclidean metric on Cn+1 explicitly. In this case, τ is the standard n-simplex in N :=
Zn+1, i.e. wi form a basis in N . We will fix the coordinates zi = |zi|eiθi on Cn+1. The
action of the torus
T n = {(θ0, . . . , θn) :
∑
θi = 0}
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on Cn+1 gives rise to a principal T n-bundle M over B◦ = Rn × C \ Π(τ) × {0}. Then,
in the Gibbons-Hawking coordinates the metric on M can be written as
h = (V −1)ij(V kiduk +
√−1 ·Ai)⊗ (V kjduk −
√−1 · Aj) +Wdη ⊗ dη¯,
where
ui =
1
2
(|zi|2 − |z0|2), i = 1, . . . , n, η = z0z1 . . . zn,
W−1 = |z0z1 . . . zn|2
(
1
|z0|2 +
1
|z1|2 + · · ·+
1
|zn|2
)
,
(V −1)ij = |z0|2 + δij|zi|2,
Aj = dθj −W |z0z1 . . . ẑj . . . zn|2 · d(θ0 + θ1 + · · ·+ θn).
The above expressions degenerate whenever two or more of the coordinates zi vanish.
Thus, the discriminant locus D ⊂ Rn × C is given by u ∈ Π(τ) and η = 0. However,
when written in the Euclidean coordinates the metric extends from M to the standard
flat metric h =
∑n
i=0 dzi⊗dz¯i on Cn+1. (To justify this it is enough to do the calculation
for the associated Ka¨hler form).
2.3. Non-flat orbifold metrics. We start with a T n-torus bundle π :M → B◦, where
B◦ := Rn × C \ Π(τ)× {0}, which has the same topology as the orbifold bundle above.
It is convenient to encode the topological information about the bundle by adding a
distributional equation to the Gibbons-Hawking ansatz. Let γτ (u) be the Nρ-valued
1-current in Rn supported on Π(τ) defined by
(9) γτ(α) =
∑
s,s′
(ws − ws′)
∫
wallss′
α,
for an (n−1)-form α. Once the basis of Nρ is chosen we will write this current as γjτ (u),
where the superscript j indicates its Nρ-valuedness. Then replacing the equation (5)
(which is automatic in B◦) for the closedness of the curvature forms by the distributional
equation in B = Rn × C:
(10)
√−1
4π
(
∂2W
∂ui∂uj
+ 4
∂2V ij
∂η∂η¯
)
dui ∧ dη ∧ dη¯ = γjτ (u) ∧ δ(η)
will guarantee that the fibration π : M → B◦ has the right Chern class. This follows
from integrating the curvature form F over the generating 2-cycles αij ∈ H2(B◦,Z):∫
αij
1
2π
F =
∫
βij
γτ(u) ∧ δ(η) = wi − wj,
where αij = ∂βij for a 3-chain βij - a ball transversally intersecting wallij at a point.
A remark on notation: here δ(η) stands for the two-current associated to the origin in
C (the Dirac delta-function), but both γτ and δ in (10) really mean the pullbacks of the
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corresponding currents to the product Rn × C. We will continue to abuse this notation
throughout the rest of the paper when there is no confusion possible.
Lemma 2.2. Suppose we have a Gibbons-Hawking solution on Rn×C\Π(τ)×{0}, that
is, a positive definite matrix function locally given by
V ij(u, η, η¯) =
∂2Φ
∂uj∂uj
such that W := det V ij = −4 ∂
2Φ
∂η∂η¯
,
which satisfy the distributional equation (10) in Rn × C and, in addition,
(11)
∞∫
0
1
(V −1)ij
dui =∞ for all i and j.
Then the total space of the torus bundle π : M → Rn×C\Π(τ)×{0} can be compactified
to the fibration π¯ : M¯ → Rn × C such that M¯ is biholomorphic (in the orbifold sense)
to XT in a manner which respects the map
η : XT → C.
In particular, such solution defines a Ricci-flat Ka¨hler metric on the orbifold XT with
the standard holomorphic volume form Ωτ .
Proof. The discriminant locus D = Π(τ) × {0} is of codimension 3 in Rn × C and has
a nice simplicial stratification. Using this stratification the topological compactification
fromM to M¯ = XT follows by extending the argument of [Gro01, Prop. 2.9] to arbitrary
dimensions and including the orbifold singularities. To prove matching of the complex
structure we will follow closely [LeB91] where the argument is given for the C2 case.
Let ∂
∂θj
be the Hamiltonian vector fields generating the T n-action on M . Consider the
commuting vector fields
(12) ξj = −
√−1
2
(
∂
∂θj
−√−1J
(
∂
∂θj
))
=
1
2
(
(V −1)ij
∂ˆ
∂ui
−√−1 ∂
∂θj
)
,
where
∂ˆ
∂ui
=
∂
∂ui
− Ak
(
∂
∂ui
)
∂
∂θk
,
denotes the horizontal lift of ∂
∂ui
, and J : TM → TM is the complex structure. Since
the ∂
∂θj
preserve both the metric and the complex structure, it follows that the ξj are
holomorphic vector fields. Moreover, the flow of each ξi is complete because of (11).
Hence, the ξj generate a holomorphic action of (C
∗)n on M¯ .
The orbit structure of this action is easily seen to be identical with that of the toric
(C∗)n-action on the orbifold XT . Namely, for each affine (real) codimension 2 plane
La = {(u, η) : η = a} ⊂ Rn × C,
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the set π−1(La) is a union of orbits. For a 6= 0 the π−1(La) is a single orbit, and π−1(L0)
decomposes into (n+1) orbits isomorphic to (C∗)n plus a bunch of smaller dimensional
orbits according to the polyhedral decomposition of N∗
R
/ρ induced by Π(τ).
Consider the following subsets of N∗
R
/ρ× C:
Li := {(u, η) : η 6= 0} ∪ {(u, η) : u ∈ Qτi }.
We can cover the space M by (n + 1) open sets Ui := π−1(Li). Each map η : Ui → C
defines a holomorphic principal (C∗)n-bundle over C. Since C is Stein and contractible
we conclude that each Ui is biholomorphic to the product (C∗)n × C.
Now notice that the bundle structures on Ui agree on their intersection π :
⋂
i Ui → C∗.
Thus, M is biholomorphic to the quotient space∐
i
((C∗)n × C) / ∼,
where the equivalence relation on (C∗)n × C∗ is of the form
(13) (z, η)i ∼ (fij(η)z, η)j, 0 ≤ i, j ≤ n,
for some cocycle fij with values in the holomorphic maps C
∗ → Aut((C∗)n). One can
always choose the fiber coordinates (zk)i in every Ui to be consistent with the vector
fields {ξk}. That is, ξk = (zk)i ∂∂(zk)i on the common part {η 6= 0} ∼= (C∗)n+1 and η is
fixed by the ξk. In particular, this means that
∫
γk
d log zl = 2π
√−1 δkl, where γk’s are
the cycles generated by the ξk flow.
Since the (C∗)n-action is the same on (z)i for different i and any automorphism of the
principal homogeneous space (C∗)n is given by an n-tuple of non-zero complex numbers
we conclude that each fij is an n-tuple of holomorphic functions C
∗ → C∗. Another
choice of trivializations Ui ∼= (C∗)n × C amounts to modifying the cocycle fij by a
coboundary. That is, the biholomorphism type of M is determined by the singularities
of fij(η) at η = 0.
The fij(η) cannot have essential singularities at 0, otherwise there would exist a
sequence of points in M converging to several distinct points, and, thus, M would
not be Hausdorff. On the other hand, the orders of vanishing of the fij(η) can be read
off from the residues of the 1-forms d log fij , which is a topological information given by
the Chern class of the bundle. More precisely,
1
2π
√−1
∮
d log fij = [ν](αij) = wi − wj.
Thus, the claimed biholomorphism is established on M , and it can be extended to M¯
by an orbifold version of the Hartog’s theorem.
In order to show that the holomorphic volume form is necessarily the standard one we
will prove the following (stronger) statement. Given two sets of commuting holomorphic
vector fields {ξi} and {ζi} generating the (C∗)n-actions on η : M → C which agree
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topologically, there is a biholomorphism φ : M → M such that φ∗ξi = ζi. Then, taking
ζi to be the standard torus action on XT yields the claim about the volume form.
First, we will choose two sets of coordinates {αj , η} and {βj , η} consistent with the
topology of the action. Say, we take (αj , η) to be (zj , η)1 with ξj = αj
∂
∂αj
and η fixed
by the ξj, and similar for the {βj , η}. Then the transition maps fij(η) have the same
zeros/poles for both sets of coordinates. Hence, the change-of-coordinates maps between
{αj, η} and {βj , η} extend from (C∗)n+1 to M without zeros/poles. That is, if we write
αj
∂
∂αj
= Bjkβk
∂
∂βk
,
then the matrix Bjk extends to an invertible matrix on M .
We will be looking for a change of coordinates in the form βj = αje
ψj which would
induce such a Jacobian matrix. Using the chain rule
αj
∂
∂αj
=
(
δjk + αj
∂ψk
∂αj
)
βk
∂
∂βk
,
this amounts to solving the differential system
(14) αj
∂ψk
∂αj
= Bjk − δjk,
which is, in general, overdetermined. However, in our case there are several restrictions
on Bjk. Namely, note that the forms
dβj
βj
= Bkj
dαk
αk
mod dη are closed, that is
(15) αi
∂Bkj
∂αi
= αk
∂Bij
∂αk
,
and have to satisfy the periodicity requirements of the action:
(16)
1
2π
√−1
∫
γk
dβj
βj
=
1
2π
∫ 2pi
0
Bkj (α1, . . . , αke
√−1θ, . . . , αn, η) dθ = δkj ,
where γk’s are the cycles generated by the αk (or, equivalently, by the βk) flow. Then,
by writing Bkj in the power series form
(17) Bkj =
∑
m1e1+···+mnen+rρ∈T ∨
(bkj )m,rα
m1
1 . . . α
mn
n η
r, m = {m1, . . . , mn} ∈ Zn,
and using (15) and (16) we conclude that (bkj )m,r have to satisfy the following restrictions:
• mi(bkj )m,r = mk(bij)m,r;
• (bkj )m,r = 0, if mk = 0 and (m, r) 6= (0, 0);
• (bkj )0,0 = δkj .
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Thus, by setting (aj)0,r := 0 and (aj)m,r :=
(bkj )m,r
mk
if there is an mk 6= 0 (the ratio is
independent of the choice of k) we can write down the power series solution to (14):
ψk =
∑
m1e1+···+mnen+rρ∈T ∨
(ak)m,rα
m1
1 . . . α
mn
n η
r,
that converges on the same polydisk in M as the power series (17) for Bkj does. These
functions ψk provide the desired coordinate change. 
It is an interesting problem to exhibit the existence (and abundance) of the Gibbons-
Hawking solutions. For instance, one can try to deform the standard (flat) orbifold
metric. Applying continuity method techniques (cf. [GT83, Ch. 17]) this amounts to
inverting a second order linear elliptic differential operator – the linearization of the GH
operator at the flat solution. The difficulty is that one of the eigenvalues of its symbol
blows up at the discriminant.
In two dimensions (the original GH ansatz [Haw77],[GH78]) the equation becomes the
usual Laplace equation. Since there are no positive harmonic functions on R3 except
constants, any solution has the form
V =
ℓ(τ)
2
√
u2 + |η|2 + a,
where ℓ(τ) is the length of τ , and a is a positive constant. This defines the famous
Taub-NUT metric – the first example of a non-trivial complete Ka¨hler Ricci-flat metric
on C2 and its quotients by cyclic groups.
2.4. Periodic solutions. The goal here is to set up the Gibbons-Hawking ansatz in
such a way that the resulting complex manifold is identifiable with the local model for
a Calabi-Yau toric hypersurface. There are no explicit solutions known in dimension
higher than 2, unlike the orbifold case. But we will try to make use of the ansatz to get
some information about the limiting behavior of solutions in certain degenerations.
We will adapt the notations from the orbifold example. Namely, τ = {w0, . . . , wn}
is a simplex (but now of codimension l + 1) in the lattice N ∼= Zn+l+1, which has the
distance 1 from the origin. Let σ = {v0, . . . , vl} be a simplex in N∗ such that 〈σ, τ〉 = 1.
In particular, it means that σ also has distance 1 from the origin. Let Nσ ⊂ N and
N∗τ ⊂ N∗ be the sublattices orthogonal to σ and τ , respectively. And let
N∗
R
/σ := N∗
R
/〈v0, . . . , vl〉, NR/τ := NR/〈w0, . . . , wn〉
be the corresponding (dual) quotients. The polyhedral complex Π(τ) provides a polyhe-
dral decomposition of N∗
R
/σ into cells Qτi and γτ is the associated 1-current supported
on Π(τ), as before. Also, we define the cone T := cone(τ) in NR, its dual T ∨ ⊂ N∗R and
let
XT := Spec[zm : m ∈ T ∨ ∩N∗]
be the associated affine toric variety.
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Every vertex vi ∈ σ lies in the interior of T ∨, and, hence the monomials zvi belong to
the coordinate ring of XT . Let Zσ,τ denote the closure of the affine hypersurface
{z ∈ (C∗)n+l+1 :
l∑
i=0
zvi = 1}
in the toric variety XT .
The real torus T n := (Nσ)R/Nσ acts on XT and leaves the hypersurface Zσ,τ invariant.
We assume that this action is a holomorphic isometry and denote by µ : Zσ,τ → N∗R/σ
the corresponding moment map.
The natural inclusion N∗τ ⊂ T ∨ ∩ N∗ gives the projection κ : XT → Tτ onto the
algebraic torus Tτ := Spec[z
m : m ∈ N∗τ ]. A choice of ρ ∈ N∗, such that 〈ρ, τ〉 = 1,
defines the polynomial
Pσ(z) := z
−ρ
l∑
i=0
zvi ,
which can be thought of as a polynomial in Tτ . The zero divisor of Pσ does not depend
on the choice of ρ and let Γσ denote the 2-current in Tτ associated to {Pσ(z) = 0}.
We will consider the map (µ, κ) : Zσ,τ → N∗R/σ × Tτ as a torus fibration with the
discriminant locusD = Π(τ)×{Pσ(z) = 0}. When restricted to a domain B ⊂ N∗R/σ×Tτ
it defines a torus fibration Zσ,τ (B)→ B which is a principal T n-bundle over B◦ := B\D.
The Chern class is given, as before, by the inclusion ι : Λτ →֒ Nσ.
If the torus action is a holomorphic isometry a Ricci-flat metric on Zσ,τ (B) can be
written in the Gibbons-Hawking form. Our main goal of this section is to prove the
converse. That is if we have a GH solution with the right Chern class then it defines a
Ricci-flat metric on Zσ,τ (B).
To write everything in coordinates we choose a basis {ei} in Nσ and a basis {mp} in
N∗τ . This will defines the coordinates ui := µ(ei) on N
∗
R
/σ ∼= Rn and ηp := log(zmp) =
〈mp, log z〉 on Tτ ∼= (C∗)l.
Definition. Given a domain B in Rn × (C∗)l a (σ, τ)-type solution to the Gibbons-
Hawking ansatz in B are two positive definite matrix functions – a real V ij and a
hermitian W pq – on B◦ locally given by a potential:
V ij =
∂2Φ
∂uj∂uj
, W pq = −4 ∂
2Φ
∂ηp∂η¯q
, 1 ≤ i, j ≤ n, n + 1 ≤ p, q ≤ n+ l,
such that det V ij = detW pq and the distributional equation
(18)
√−1
4π
(
∂2W pq
∂ui∂uj
+ 4
∂2V ij
∂ηp∂η¯q
)
dui ∧ dηp ∧ dη¯q = γjτ (u) ∧ Γσ(η)
is satisfied in B.
The topological information about the bundle is again encoded in right hand side of
the equation (18).
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To state the compatibility with the desired holomorphic volume form we recall (cf.,
e.g., [Bat93]) that given an affine hypersurface Zf = {f(z) = 0} ⊂ (C∗)N+1 there is
a distinguished nowhere vanishing top degree holomorphic form ΩCY on Zf , which is
defined as a Poincare´ residue of the meromorphic (N + 1)-form dz0∧···∧dzN
f ·z0...zN on (C
∗)N+1
with a single pole along Zf .
Proposition 2.3. Given a (σ, τ)-type Gibbons-Hawking solution on a domain B, the
total space of the torus bundle M → B◦ can be compactified to the fibration M¯ → B
such that M¯ is biholomorphic (in the orbifold sense) to Zσ,τ (B) in a manner which
respects the fibration
π : Zσ,τ → Tτ .
In particular, such a solution defines a Ricci-flat Ka¨hler (orbifold) metric on Zσ,τ (B)
with the holomorphic volume form Ω = ΩCY .
Proof. The topological compactification again can be drawn from [Gro01, Prop. 2.9]. All
we need to show is that a GH solution with asymptotics determined by (18) produces the
right complex structure on M , which would then uniquely extend to M¯ by the orbifold
version of Hartog’s theorem. But this is a purely local question and it follows directly
from Lemma 2.2 dropping the completeness condition (11) that becomes irrelevant.
To see matching of the volume forms let us choose local holomorphic coordinates
{η˜1, . . . , η˜l} on (C∗)l such that the local equation for {Pσ = 0} is η˜1 = 0. In these
coordinates the Gibbons-Hawking top degree holomorphic form on M will be Ω = Ωτ ∧
dη˜2 ∧ · · · ∧ η˜l, where Ωτ is the standard volume form on the (n + 1)-dimensional toric
orbifold XT from Lemma 2.2. Then, Ω is easily seen to coincide with the local expression
for the distinguished form ΩCY on Zσ,τ . 
3. Limiting behavior of solutions
3.1. Exponential decay lemma. We would like to analyze the behavior of Gibbons-
Hawking solutions when the tori (both in the fibers and in the base) are shrinking. First,
let us introduce a non-linear differential equation of the Monge-Ampe`re type.
Definition. We refer to a pair of real positive definite matrix functions V ij,W pq as
a solution to the split Monge-Ampe`re equation in an open subset R ⊂ Rn × Rl if
det V ij = detW pq and they are locally given by a smooth potential function K:
(19) V ij =
∂2K
∂si∂sj
, W pq = − ∂
2K
∂tp∂tq
, 1 ≤ i, j ≤ n, n + 1 ≤ p, q ≤ n+ l.
To describe the asymptotics at the discriminant we would like to treat the simplex
σ ⊂ N∗ on the same footing as τ . Namely, we let Σ ⊂ N∗
R
be the cone over σ, and
let Σ∨ be its dual cone in NR. The polyhedral complex Π(σ) provides a polyhedral
decomposition of NR/τ into cells Q
σ
i . Denote by γσ the N
∗
τ -valued 1-current defined in
the same way as γτ .
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Definition. Given a domain R in N∗
R
/σ×NR/τ ∼= Rn×Rl a (σ, τ)-type singular solution
to the split Monge-Ampe`re equation in R is a pair of matrix functions V ij,W pq which are
local Monge-Ampe`re solutions in R\(Π(τ)×Π(σ)) with asymptotics at the discriminant
locus governed by the distributional equation
(20)
(
∂2W pq
∂si∂sj
+
∂2V ij
∂tp∂tq
)
dsi ∧ dtp = γjτ(s) ∧ γqσ(t).
Conjecture 3.1 (Exponential decay lemma). Given a convex domain R in Rk×Rl and
a (σ, τ)-type solution V,W of the split Monge-Ampe`re equation in R there is a real one-
parameter family of (σ, τ)-solutions Vλ,Wλ to the Gibbons-Hawking ansatz in λR× (S1)l
such that
• The diameter of the circles both in the fiber T n and in the torus part (S1)l of the
base away from the discriminant is roughly given by λ−1.
• The zero Fourier modes of the GH solutions V 0λ (u, x),W 0λ(u, x) as functions of
the rescaled variables s, t, where u = λs, x = λt, will converge (in some properly
weighted norm on the function space) to V (s, t),W (s, t) as λ→∞.
• The higher Fourier modes decay exponentially away from the discriminant Π(τ)×
Π(σ) in λR, uniformly in λ. That is, if β(u, x) denotes the Euclidean distance
from the point (u, x) to the discriminant, then
|V mλ (u, x)| ≤ C1e−β(u,x)|m|, |Wmλ (u, x)| ≤ C2e−β(u,x)|m|,
for some constants C1, C2, and large enough λ and β.
We would like to give some simple examples and a rough argument based on those
why we believe this conjecture is true. Note, however, that once justified, it will have an
important consequence for the metric collapse program for the toric hypersurfaces and
complete intersections:
Corollary 3.2. The metric space (Zσ,τ (λ
−1R), λ−2gλ), where gλ is the Riemannian (orb-
ifold) metric from the Gibbons-Hawking ansatz, converges in the Gromov-Hausdorff sense
to (R, gij∞), with the limiting metric g
ij
∞ = V
ijdsidsj +W
pqdtpdtq.
3.2. The semi-flat case. We consider the case when either l = 0, or n = 0. In both
situations the discriminant locus is empty and the total space M is just the product of
the domain R and the torus T n. We can use any solution of the classical real Monge-
Ampe`re equation in R and extend it to a Gibbons-Hawking solution on M by setting
higher Fourier modes to zero. In the obvious complex structure this will give a Ricci-flat
metric on M = M¯ (cf. [Hit97], [Leu00], [LYZ01]).
3.3. Two dimensional example: local K3 (after [OV96] and [GW00]). This is the
periodic version of the original Gibbons-Hawking ansatz [GH78],[Haw77]. We consider
the case when n = l = 1 and both simplices τ and σ are of length 1, although the
construction works for a non-unimodular case as well.
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The Gibbons-Hawking equation in this case is equivalent to the Laplace equation
for V (u, x, y) (= W (u, x, y)) on a domain in the cylinder R × R × S1 with the Dirac
δ-function on the right hand side. We can write both the solution V (u, x, y) and the
δ-function in the Fourier expansion:
V (u, x, y) =
∑
m∈Z
Vme
imy, γjτ (u)δPσ(η) = −δ(u, x, y) = −
1
2π
∑
m∈Z
δ(u, x)eimy.
Here the minus sign takes into account the orientation of the circle action when passing
from currents to generalized functions.
The Gibbons-Hawking equation
∂2Vλ
∂u2
+
∂2Vλ
∂x2
+
∂2Vλ
∂y2
= −2π · δ(u, x, y)
decomposes into the Helmholtz equations according to the Fourier modes:
∂2V mλ
∂u2
+
∂2V mλ
∂x2
−m2V mλ = −δ(u, x), m ∈ Z.
On the other hand, the (σ, τ)-type split Monge-Ampe`re equation in the rescaled co-
ordinates s = λ−1u, t = λ−1u is the two-dimensional Laplace equation:
∂2V
∂s2
+
∂2V
∂t2
= −δ(s, t),
whose fundamental solutions are in the form V (s, t) = − 1
4pi
log |s2 + t2| + h(s, t), for
harmonic h. Thus, one can take the zero mode of the corresponding Gibbons-Hawking
solution to be V 0λ (u, x) = V (λ
−1u, λ−1x), as long as V (s, t) stays positive in R. As for
the higher modes, it is known that a fundamental solution to the Helmholtz equation
with m 6= 0 may be given by the Bessel function
V mλ = K0(|m|r) ∼
√
π
2|m|r e
−|m|r (1 +O(r−1)) , where r2 = u2 + x2,
which decays exponentially as required.
3.4. Higher dimensional case. The full proof of the conjecture in this general case
will probably require some very non-trivial application of the continuity method to
deform the given split solution, then to introduce exponentially small higher modes and
do some clever estimates afterwords. Meanwhile, we want to indicate a rough argument
why some of the ideas from the K3 example above may still work in general.
To have the Fourier modes of the solutions defined on the same domain, independent
of λ, we can scale the variables by λ:
si =
ui
λ
, tp =
xp
λ
, y˜p =
yp
λ
.
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Then the GH solutions are on R×(S1/λ)l for all λ, and their Fourier modes are functions
on R. To keep up with the complex structure the logarithmic map (C∗)l → Rl has to
scale by λ as well:
logeλ(z1, . . . , zn) :=
1
λ
(log |z1|, . . . , log |zn|).
We would like to recall a few basic facts from “tropical” geometry (cf., e.g., [Mik01]).
Given a polynomial Pσ(z) in (C
∗)l the amoeba Aλσ is defined to be the image of the
rescaled log map:
Aλσ := logeλ({Pσ = 0)} ⊂ Rl.
As λ→∞ the amoeba Aλσ approaches its spine A∞σ = Π(σ). The Ronkin function
Nσ(x) :=
1
(2π
√−1)l
∫
log |z|=x
log |Pσ(z)|2 dz1
z1
∧ · · · ∧ dzl
zl
is defined up to a linear function, which depends on a particular choice of ρ ∈ N∗ used
in the definition of the polynomial Pσ. Denote by
Nλσ (t) :=
1
λ
Nσ(λt)
the rescaled Ronkin function. The point is that Nλσ (t) is a continuous function, linear
on each connected component of Rl \ Aλσ, with slopes given by the vi. As λ → ∞, it
converges to the piece-wise linear function N∞σ (t) whose corner locus is Π(σ) with the
slopes vi over the Q
σ
i . In particular, the Hessian of N
∞
σ (t) can be interpreted as the
generalized function associated with the current γσ.
We would like to analyze the right hand side of the equation (18) written in the Fourier
expansion. The factor γτ carries over to every mode, while
Γσ =
√−1
2π
∂∂¯ log |Pσ|2
decomposes into currents supported on Aλσ. In particular, since the exterior differenti-
ation commutes with averaging, we conclude that the zero mode of Γσ is given by the
Hessian of the Ronkin function:
Γ0σ =
1
(2π
√−1)l
∫
log |z|=x
Γσ
dz1
z1
∧ · · · ∧ dzl
zl
=
√−1
2π
· 1
(2π
√−1)l ∂∂¯
∫
log |z|=x
log |Pσ|2 dz1
z1
. . .
dzl
zl
=
1
4π
∂2Nσ(x)
∂xp∂xq
dxp ∧ dyq,
where dzq
zq
= dxq +
√−1dyq. Then substituting x = λt yields
∂2Nσ(x)
∂xp∂xq
dxp =
∂2Nλσ (t)
∂tp∂tq
dtp.
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But, as λ → ∞, the Ronkin function Nλσ (t) tends to its tropical limit N∞σ (t), and
the same is true for the respective Hessians. With the distributional interpretation of
HessN∞σ (t) this means that the current Γ
0
σ converges to γσdyq.
As for the higher modes, we note that since y˜ is now (2πλ−1)-periodic, there is a factor
of λ2 in the zero order term of the Helmholtz-type equation for m 6= 0. By analogy with
the Bessel functions we hope that the spectral theory will force the higher modes decay
exponentially away from the locus Aλσ × Π(τ) with the exponent roughly proportional
to λ.
One can go about proving the exponential decay conjecture by starting with the given
split Monge-Ampe`re solution and constructing a family of solutions but with the factor
γσdyq in the right hand side being replaced by a more regular Γ
0
σ. This will give a family
of semi-flat Gibbons-Hawking solutions. Then one can argue that since the higher modes
can be taken exponentially small, they may be considered, in some sense, as perturbation
of the semi-flat solution.
4. Local mirror symmetry and Legendre transform
4.1. Linear algebra of Legendre transform and Monge-Ampe´re equations. The
classical fact, implicitly used in [GW00], is that solving the two-dimensional Laplace
equation is equivalent to solving the real two-dimensional Monge-Ampe`re equation. This
can be easily generalized to higher dimensions. Namely, the chain rule and elementary
linear algebra for a particular coordinate transformation yields the following.
Lemma 4.1. If K(s, t) is a local solution to the split Monge-Ampe`re equation (19), then
Ψ(y) is a (local) solution of the classical (real) Monge-Ampe`re equation
(21) det
∂2Ψ
∂yi∂yp
= 1, 1 ≤ i, j ≤ n + l,
where
(22) yi =
∂K
∂si
, 1 ≤ i ≤ n, yp = tp, n + 1 ≤ p ≤ n + l,
and Ψ(y) is the partial Legendre transform of K(s, t), defined by
(23)
∂Ψ
∂yi
= si, 1 ≤ i ≤ n, ∂Ψ
∂yp
= −∂K
∂tp
, n+ 1 ≤ p ≤ n + l.
Proof. First, we check the very existence of the partial Legendre transform. Consider
the following Jacobian and Hessian matrices:
(24)
∂(yi, yp)
∂(s, t)
=
(
∂2K
∂sj∂si
∂2K
∂tq∂si
0 1
)
=
(
V B
0 1
)
, HessK(s, t) =
(
V B
tB −W
)
.
Then
(25)
∂(s, t)
∂(yi, yp)
=
(
V −1 −V −1B
0 1
)
, HessΨ(y) =
(
V −1 −V −1B
t(−V −1B) W + tBV −1B
)
.
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This shows that if both V and W are symmetric and positive definite, then HessΨ is
also a symmetric positive definite matrix, so there exists (locally) a convex function Ψ
– the partial Legendre transform.
On the other hand the inverse of a non-degenerate 2× 2 block matrix with detA 6= 0
and detD 6= 0 is:
(26)
(
A B
C D
)−1
=
(
(A− BD−1C)−1 (−A +BD−1C)−1BD−1
(−D + CA−1B)−1CA−1 (D − CA−1B)−1
)
,
which can be checked directly by multiplying the right-hand side by the matrix ( A BC D ).
Another useful linear algebra fact is that for any invertible matrix M any minor of M−1
is equal (with the usual parity sign) to the complementary minor ofM divided by detM .
This implies that
(27) det
(
A B
C D
)
= 1 ⇐⇒ detA−1 = det(D − CA−1B).
Applied to HessΨ the last observation shows that Ψ is a local Monge-Ampe`re solution
if and only if det V = detW . 
4.2. Monge-Ampe`re manifolds.
Definition. A Riemannian manifold (Y, g) is called Monge-Ampe`re if it possesses an in-
tegral affine structure and the metric is, locally in affine coordinates, given by a potential
Ψ, that is, gij =
∂2Ψ
∂yi∂yj
, that satisfies the real Monge-Ampe`re equation det gij = 1.
Cheng and Yau [CY82] proved that every compact Monge-Ampe`re manifold is diffeo-
morphic to a torus and the Monge-Ampe`re structure is a deformation of the standard
flat structure on Rn/Zn. To enrich this fairly boring class of manifolds we will allow
certain singularities along a codimension 2 discriminant locus.
The Monge-Ampe`re condition in the affine geometry is an analog of the Ricci-flatness
condition on a Ka¨hler manifold with similar global rigidity properties. Roughly speaking,
one should expect some sort of the Calabi conjecture saying that each topological class
of the metric has a unique Monge-Ampe`re representative (cf. [HZ03] and [KT02]).
Here we are concerned with the local picture in which many Monge-Ampe`re struc-
tures may exist. However, for applications to the metric collapse of toric Calabi-Yau
hypersurfaces we will be interested only in a certain special class of the Monge-Ampe`re
structures, called bi-PIKAS in [HZ03]. We will show that the latter always arise from
singular split Monge-Ampe`re solutions of the corresponding type.
The base (Rn×Rl)\(Π(τ)×Π(σ)) has an open covering {Uvi , Uwj} where Uvi := Rn×Qσi
and Uwj := Q
τ
j × Rl. The nerve of this covering is the complete bipartite graph on
the vertices vi of σ and wj of τ . We assume that the affine structure on (R
n × Rl) \
(Π(τ) × Π(σ)) is polyhedral of type ({Uv}, ∂Σ∨). That is, there is a homeomorphism
Rn×Rl → ∂Σ∨ which provides affine coordinates on every chart Uvi by identifying it with
the maximal dimensional face of ∂Σ∨ orthogonal to vi. Also we assume that the dual
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affine structure is polyhedral of type ({Uw}, ∂T ∨). Moreover, the transformation maps
between the affine coordinates on Uvi and Uwj are assumed to be the natural projections
from the subspaces v⊥i := {y ∈ NR : 〈vi, y〉 = 0} to the quotients NR/wj. This
data constitutes a bi-polyhedral integral Ka¨hler affine structure (bi-PIKAS for short) on
(Rn×Rl) \ (Π(τ)×Π(σ)) of type (∂Σ∨, ∂T ∨) (cf. [HZ03]). We will abbreviate the type
to be (σ, τ).
It is straight forward to see that the monodromy of the (linear part of the) affine
structure along a loop (vi1wj1vi2wj2) is given by y 7→ y + 〈vi2 − vi1 , y〉(wj2 − wj1) (cf.
[HZ02] for details). Since the radiance obstruction class vanishes locally (cf. [GS02]) we
can always choose the affine coordinates such that there is no translational part of the
monodromy.
Given a convex domain R in Rn × Rl which contains the origin, a Monge-Ampe`re
bi-PIKAS on R of type (σ, τ) will be a restriction of a Monge-Ampe`re bi-PIKAS of the
same type on Rn × Rl.
Theorem 4.2. There is a bijection between the sets of (σ, τ)-type split Monge-Ampe`re
solutions on a domain R and (σ, τ)-type Monge-Ampe`re bi-PIKAS on R. The Riemann-
ian metric on R◦ := R\Π(σ)×Π(τ) is given by V ijdsidsj+W pqdtpdtq, where (V ij,W pq)
is the corresponding split MA solution.
Proof. Let Kα be local potentials for a given split Monge-Ampe`re solution (V,W ). We
will use the partial Legendre transform to define new coordinates yi, yp as in Lemma 4.1.
We claim that these are affine coordinates, that is the transition maps are affine linear.
Indeed, by comparing the two local potentials in the overlap Uα ∩ Uβ we see that
Kα − Kβ have to be affine linear in both s and t variables. Thus yα − yβ are affine
functions of tp, hence affine functions of yp.
Lemma 4.1 also guarantees that Ψα are local Monge-Ampe`re potentials in the affine
coordinates y. The polyhedral property follows from noticing that the charts Uv are
bounded by linear inequalities in tp, and hence by (the same) linear inequalities in the
new (affine) coordinates yp.
Applying the partial Legendre transform to the other half of the variables (s, t) gives
the dual MA structure on R◦. Same considerations as above show that the dual affine
structure is polyhedral of type ({Uw}, ∂T ∨).
The final step is to show that the resulting Monge-Ampe`re bi-PIKAS has the right
type, that is, to compute its monodromy around a loop (vi1wj1vi2wj2). For this we
consider the closed (N∗τ )R ⊗ (Nσ)R-valued 1-form on R◦:
βiq =
∂W pq
∂si
dtp − ∂V
ij
∂tq
dsj .
Making use of the distributional equation (20) and applying Stokes’ theorem we can
compute the integral of β along the loop (vi1wj1vi2wj2) =: ∂S
(28)
∮
∂S
β =
∫∫
S
dβ =
∫∫
S
γσγτ = −(vi2 − vi1)⊗ (wj2 − wj1),
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where the minus sign is to take care of orientation of the loop. Thus, β has holonomy
which depends only on the homotopy class of the path. That is, βiq = df iq for a multi-
valued function f iq = − ∂2K
∂si∂tq
.
The affine coordinates yp, n + 1 ≤ p ≤ n + l, are single valued. Hence, there is no
monodromy in dyp. On the other hand, the ambiguity in the remaining differentials
dyi =
∂2K
∂si∂tq
dtq +
∂2K
∂si∂sj
dsj = V
ijdsj − f iqdtq
is coming exactly from the multi-valuedness of f iq. Thus, the monodromy around the
loop (vi1wj1vi2wj2) is given by 1+ (vi2 − vi1)⊗ (wj2 − wj1).
Tracing backwards through the above argument shows that the converse is true.
Namely, given a Monge-Ampe`re bi-PIKAS of type (σ, τ) we can use it together with
its dual to define single-valued coordinates (s, t) on R◦ which will obviously extend to
R. Moreover, due to the polyhedral properties of these bi-PIKAS, the discriminant lo-
cus (and, thus, the support of the current in the right-hand side of (20)) in R will be
exactly given by ∂Uv ∩ ∂Uw = Π(σ) × Π(τ). Applying the Stokes’ formula (28) with
the prescribed monodromy of the affine structure to every 2-cycle in R \ Π(σ) × Π(τ)
identifies the current as γσγτ and, hence, guarantees the (σ, τ)-type asymptotics of the
Monge-Ampe`re potential K(s, t). 
Remark. The discriminant locus D = ∂Uv∩∂Uw is not expected to be affine linear. Even
though D lies in the polyhedral boundary ∂Uv, the boundary ∂Uw will be wiggled in the
affine coordinates unless the partial Legendre transform is linear.
The proof of the above theorem shows, in fact, that the distributional equation (20)
guarantees the potential form of the metric. One just needs V and W to be symmetric.
Indeed, locally we can define closed 1-forms dxq := f
iqdsi +W
pqdtp (the (s, x) will form
the dual affine coordinates). Then the form dK := yidsi + xqdtq is also closed, and K
can be used as local potential: V ij = ∂
2K
∂sj∂sj
and W pq = − ∂2K
∂tp∂tq
.
We would like to finish by mentioning an obvious application of the construction in
this section to mirror symmetry. As was noted in [Hit97] the mirror duality in the semi-
flat case is provided by the Legendre transform. This statement continues to hold in the
neighborhood of the discriminant locus as well. Namely, in the single-valued coordinates
(which are not affine) the full Legendre transform takes a singular split Monge-Ampe`re
solution of type (σ, τ) into that of type (τ, σ).
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